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DETECTING TROPICAL DEFECTS OF
POLYNOMIAL EQUATIONS
PAUL GO¨RLACH, YUE REN, AND JEFF SOMMARS
Abstract. We introduce the notion of tropical defects, certificates that a system
of polynomial equations is not a tropical basis, and provide algorithms for finding
them around affine spaces of complementary dimension to the zero set. We use
these techniques to solve open problems regarding del Pezzo surfaces of degree 3
and realizability of valuated gaussoids of rank 4.
1. Introduction
The tropical variety Trop(I) of a polynomial ideal I is the image of its algebraic
variety under component-wise valuation. Tropical varieties are commonly described
as combinatorial shadows of their algebraic counterparts; they arise naturally in
many applications in mathematics [ABGJ14; Mik05] and beyond, such as in the
study of phylogenetic trees in biology [PS05], product-mix auctions in economics
[TY18] or finiteness of central configurations in the N -body problem in physics
[HM06; HJ11].
As the image of an algebraic variety, a tropical variety can also be described as
the intersection of all tropical hypersurfaces of the polynomials inside the ideal, i.e.,
Trop(I) =
⋂
f∈I Trop(f). A natural question in this context is whether the equality
already holds for a given finite generating set F ⊆ I, i.e., whether
Trop(I)
?
= Trop(F ) :=
⋂
f∈F
Trop(f). (∗)
We refer to Trop(F ) as a tropical prevariety and, if equality holds, to F as a tropical
basis. This question is important for two reasons. On the one hand, tropical prevari-
eties can provide cheap dimension bounds, which was used to prove the finiteness of
central configurations in the 4-body [HM06] and the generic 5-body problem [HJ11].
On the other hand, the inclusion of a tropical variety inside a tropical prevariety
can be interesting in and of itself. Examples include:
◮ a tropical Grassmannian inside its Dressian [HJS14],
◮ matrices of Kapranov rank r as a subset of matrices of tropical rank r [DSS05],
◮ the tropicalization of total coordinate spaces of smooth cubic surfaces inside the
prevariety cut out by the relations arising from isotropic planes [RSS16],
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◮ the realizability locus inside the space of gaussoids [BDKS17],
◮ the realizability locus inside the space of all ∆-matroids [Rin12].
Nevertheless, checking the equality in (∗) is a computationally challenging task.
Recent works show that both the degree of a tropical Gro¨bner basis, necessary
for the computation of tropical varieties, and the f -vector of the resulting tropical
variety, possess high complexity bounds [CM18; JS18].
In this article, we introduce a certificate for generating sets which are not tropical
bases, which we call a tropical defect. Key computational ingredients which we use
to obtain these certificates are:
◮ computation of zero-dimensional tropical varieties in Singular [DGPS18; HR18],
◮ parallel computation of tropical prevarieties in DynamicPrevariety [JSV17],
as well as some results on (stable) intersections of tropical varieties [OP13; JY16].
Main applications for these certificates are concrete open problems for which the
tropical variety or the tropical prevariety, possibly both, are incomputable. The
basic idea is very simple: in order to reduce the complexity of the computations to
a feasible level, we intersect both sides of Equation (∗) with an affine space of com-
plementary dimension to the ideal. If done correctly, this yields a zero-dimensional
tropical variety on the left, which is not only simpler to compute than its positive-
dimensional counterpart, but also implies that the tropical prevariety computation
on the right can be aborted as soon as a positive-dimensional polyhedron is found.
In Section 3, we utilize the algorithms to disprove Conjecture 5.3 in [RSS16] (The-
orem 3.2), which is an algebraic hint of the known discrepancy between lines on
a tropical cubic and lines on an algebraic cubic [Vig10]. In Section 4, we employ
the algorithms to disprove Conjecture 8.4 in [BDKS17], which shows that there are
non-realizable gaussoids of rank 4. Our attempts on Conjecture 4.8 in [Rin12] were
inconclusive.
Code and auxiliary materials for this article will be made available at
software.mis.mpg.de. More information on gaussoids can be found at gaussoids.de.
2. Tropical defects
In this section, we introduce the notion of tropical defects, certificates for generating
sets which are not tropical bases, as well as randomized algorithms for computing
them around an affine space of complementary dimension. To be precise, Algo-
rithm 2.9 requires a generic affine space, which we show how to contruct in Algo-
rithm 2.12, whereas Algorithm 2.11 merely requires an affine space with a generic
choice of an algebraic affine space tropicalizing to it.
We begin by briefly recalling some basic notions of tropical geometry that are of
immediate relevance to us. Our notation coincides with that of [MS15], to which we
refer for a more in-depth introduction of the subject. In particular, we follow the
min-convention.
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Convention 2.1 For the remainder of this article, fix an algebraically closed field K
with valuation ν : K∗ → R and residue field K with trivial valuation. Since K is
algebraically closed, there is a group homomorphism µ : ν(K∗) → K∗ such that
ν ◦ µ = idν(K∗), and we abbreviate t
λ := µ(λ) for λ ∈ ν(K∗). Moreover, we fix a
multivariate (Laurent) polynomial ring K[x±1] := K[x±11 , . . . , x
±1
n ].
Definition 2.2 (initial forms, initial ideals) Given a polynomial f ∈ K[x±1], say
f =
∑
α∈Zn cα · x
α, a polynomial ideal I EK[x±1], and a weight vector w ∈ Rn, we
define the initial form of f and the initial ideal of I with respect to w to be
inw(f) :=
∑
w·α+ν(cα) min.
t−ν(cα)cα · x
α ∈ K[x±1],
inw(I) :=〈inw(g) | g ∈ I〉 E K[x
±1].
Moreover, we define
Cw(f) :={v ∈ Rn | inw(f) = inv(f)} ⊆ R
n,
Cw(I) :={v ∈ Rn | inw(I) = inv(I)} ⊆ R
n,
and similarly for a finite set F ⊆ K[x±1]
Cw(F ) :={v ∈ Rn | inw(f) = inv(f) for all f ∈ F} ⊆ R
n.
Both Cw(f) and Cw(F ) are convex polyhedra, which we call the Gro¨bner polyhedron
of f resp. F around w. Note that Cw(I) is only guaranteed to be polyhedral if I is
homogeneous.
Example 2.3 One important concept is the notion of nested initial forms and ideals.
Consider over the field of complex Puiseux series K = C{{t}} with residue field
K = C the polynomial f := t + x + y + z + tx2 ∈ C{{t}}[x±1, y±1, z±1] and weight
vector w := (0, 0, 0) ∈ R3, for which we have
inw(f) = x+ y + z and Cw(f) = {(wx, wy, wz) ∈ R
3 | −1 ≤ wx = wy = wz ≤ 1}.
As we regard the residue field equipped with the trivial valuation, we have for weight
vector v := (−1,−1, 0) ∈ R3
inv inw(f) = x+ y and Cv(inw(f)) = {(wx, wy, wz) ∈ R
3 | wx = wy < wz}.
In this example, we see that
◮ inv inw(f) = inw+ε·v(f) for all 0 < ε < 1,
◮ Cv(inw(f)) = {u ∈ R
3 | w + ε · u ∈ Cw(f) for ε > 0 sufficiently small}.
In particular, Cv(inw(f)) is a polyhedral cone.
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Definition 2.4 (tropical variety, tropical prevariety) The tropical variety of a poly-
nomial f ∈ K[x±1] or an ideal I EK[x±1] is defined to be
Trop(f) := {w ∈ Rn | inw(f) is no monomial},
Trop(I) := {w ∈ Rn | inw(I) contains no monomial}.
Similarly, the tropical prevariety of a finite set F ⊆ K[x±1] is given by
Trop(F ) := {w ∈ Rn | inw(f) is no monomial for all f ∈ F}.
We call a finite generating set F ⊆ I a tropical basis if
Trop(F ) = Trop(I).
Note that Trop(f), Trop(F ) and Trop(I) are the supports of polyhedral complexes.
Both Trop(f) and Trop(F ) can be covered by their Gro¨bner polyhedra, and so can
Trop(I) if I is homogeneous.
Let T ⊆ Rn be the support of a polyhedral complex Σ. Recall that the star of T
around a point w ∈ Rn is given by
starw T := {v ∈ R
n | w + ε · v ∈ T for ε > 0 suff. small}
and that the stable intersection of T with respect to an affine subspace H ⊆ Rn is
defined to be
T ∩st H :=
⋃
σ∈Σ
dim(σ+H)=n
σ ∩H.
Example 2.5 Let K = C{{t}} be the field of complex Puiseux series and consider
the ideal I EK[x±1, y±1] which can be generated by either one of the following two
generating sets:
I := 〈x+ y + 1, x+ t−1y + 2︸ ︷︷ ︸
=:F1
〉 = 〈x+ y + 1, (t−1 − 1)y + 1︸ ︷︷ ︸
=:F2
〉
Figure 1 compares the tropical prevarieties of both F1 and F2 with the tropical
variety of I, showing that F2 is a tropical basis, while F1 is not.
Trop(F1) Trop(I) Trop(F2)
Figure 1. A tropical non-basis and a tropical basis.
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Lemma 2.6 ([MS15, Lemma 2.4.6 + Corollary 2.4.10]) Given an element f ∈
K[x±1] and a homogeneous ideal IEK[x±1], we have for any weight vectors w, v ∈ Rn
and ε > 0 sufficiently small:
inv inw(f) = inw+ε·v(f) and inv inw(I) = inw+ε·v(I).
In particular, for a finite set F ⊆ K[x±1] or a homogeneous ideal I E K[x±1] this
implies
Trop(inw F ) = starw Trop(F ) and Trop(inw I) = starw Trop(I).
We will now introduce the notion of a tropical defect and state some algorithms for
finding them around affine spaces of complimentary dimension. For the sake of sim-
plicity, we restrict ourselves to affine spaces in direction of the last few coordinates.
Definition 2.7 Let I E K[x±1] be a polynomial ideal with finite generating set
F ⊆ I. We call a tuple (w0, . . . , wk) ∈ (R
n)k+1 a tropical defect if
w0 + εw1 + · · ·+ ε
kwk ∈ Trop(F ) \ Trop(I) for ε > 0 sufficiently small.
We call a weight vector w ∈ Rn a strong tropical defect, if w ∈ Trop(F ) \ Trop(I).
Example 2.8 For I = 〈F1〉 from Example 2.5, the tuple (w, v) with w := (0, 1) and
v := (0, 1) is a tropical defect, whereas the vector u := (0, 2) is a strong tropical
defect, see Figure 2.
v
w
u
Figure 2. A tropical defect (w, v) and a strong tropical defect u.
Algorithm 2.9 (testing for defects, strong genericity)
Input: (F, v), where
(1) F ⊆ K[x±1], a finite generating set of an ideal I := 〈F 〉EK[x±1] of dimension d,
(2) v ∈ Rn, describing an affine subspace H := v + Lin(ed+1, . . . , en) ⊆ R
n of
complimentary dimension n − d such that the following strong genericity as-
sumption holds:
Trop(I) ∩H = Trop(I) ∩st H. (SG)
Output: (b,W ), such that
(1) if b=true, then W is a tropical defect,
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(2) if b=false, then Trop(F ) ∩H = Trop(I) ∩H .
1: Set F ′ := F ∪ {xi − t
vi | i = 1, . . . , d} and I ′ := I + 〈xi − t
vi | i = 1, . . . , d〉.
2: Compute the tropical prevariety Trop(F ′).
3: if ∃w ∈ Trop(F ′) with dimCw(F
′) > 0 then
4: Pick v ∈ Lin(Cw(F
′)), v 6= 0.
5: return (true, (w, v)).
6: Compute the tropical variety Trop(I ′). // Trop(I ′) is zero-dimensional by (SG)
7: if ∃w ∈ Trop(F ′) \ Trop(I ′) then // the set-theoretic difference is between
// two finite sets
8: return (true, w)
9: else
10: return (false, 0)
Correctness of Algorithm 2.9. Note that Assumption (SG) implies that Trop(I)∩H
is zero-dimensional, since H is of complementary dimension to Trop(I). By [OP13,
Theorem 1.1], we then have
Trop(I ′) = Trop(I + 〈xi − t
vi | i = 1, . . . , d〉)
= Trop(I) ∩ Trop(〈xi − t
vi | i = 1, . . . , d〉) = Trop(I) ∩H.
If the algorithm terminates at Step 5, then Cw(F
′) is a positive-dimensional poly-
hedron in Trop(F ′) = Trop(F ) ∩H , whereas Trop(I) ∩H consists of finitely many
points. In particular, we have that w + εv /∈ Trop(I) for ε > 0 sufficiently small.
If the algorithm terminates at Step 8, then w is a strong tropical defect since
w ∈ Trop(F ′) \ Trop(I ′) = (Trop(F ) ∩H) \ (Trop(I) ∩H) ⊆ Trop(F ) \ Trop(I).
Finally, should the algorithm terminate at Step 10, then
Trop(F ) ∩H = Trop(F ′) = Trop(I ′) = Trop(I) ∩H. 
Remark 2.10 In Algorithm 2.9, the strong genericity assumption (SG) is only
required for the correctness of the output in Step 5. If the algorithm does not
terminate in Step 5, then (SG) must hold because Trop(F )∩H = Trop(F ′) is zero-
dimensional, and so is Trop(I) ∩ H ⊆ Trop(F ) ∩ H . This implies that for λi ∈ K
generic with ν(λi) = vi, we have
Trop(I) ∩H = Trop(I + 〈xi − λi〉) = Trop(I) ∩st H,
where the first equality holds by [OP13, Theorem 1.1], and the second equality holds
by [MS15, Theorem 3.6.1].
Algorithm 2.11 (testing for defects, weak genericity)
Input: (F, λ), where
(1) F ⊆ K[x±1], a finite generating set of an ideal I := 〈F 〉EK[x±1] of dimension d,
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(2) λ ∈ (K∗)d, describing an affine subspace H := Trop({xi−λi | i = 1, . . . , d}) ⊆
R
n of complimentary dimension n− d such that the following weak genericity
assumption holds:
Trop(I + 〈xi − λi | i = 1, . . . , d〉) = Trop(I) ∩st H. (WG)
Output: (b,W ), such that
(1) if b=true, then W a tropical defect.
(2) if b=false, then Trop(F ) ∩st H = Trop(I) ∩st H .
1: Set H := Trop({xi − λi | i = 1, . . . , d}) and F
′ := F ∪ {xi − λi | i = 1, . . . , d}.
2: Compute the tropical prevariety Trop(F ′) and initialize ∆ := ∅.
3: for w ∈ Trop(F ′) with dimCw(F
′) = 0 do
4: Compute Trop(inw F ).
5: if ∃u ∈ Trop(inw F ) : dimCu(inw F ) > d then
6: Let v1, . . . , vk be a basis of Lin(Cu(inw F )).
7: return (true, (w, u, v1, . . . , vk)).
8: if ∃u ∈ Trop(inw F ) with dim(Cu(inw F ) +H) = n then
9: Let v1, . . . , vd be a basis of Lin(Cu(inw F )).
10: ∆ := ∆ ∪ {(w, u, v1, . . . , vd)}.
11: Compute Trop(I ′), where I ′ := I + 〈xi − λi | i = 1, . . . , d〉.
12: if ∃(w, u, v1, . . . , vd) ∈ ∆ such that w /∈ Trop(I
′) then
13: return (true, (w, u, v1, . . . , vd)).
14: else
15: return (false, 0).
Correctness of Algorithm 2.11. Suppose the algorithm terminates in Step 7 and pick
ε′ > 0 sufficiently small such that D := {w+ εu+ ε2v1+ · · ·+ ε
k+1vk | 0 < ε < ε
′} ⊆
Trop(F ). Because any infinite subset of D has an affine span of dimension larger
than d and d = dimTrop(I), every Gro¨bner polyhedron of Trop(I) will have a finite
intersection with D. In particular, this implies that w + εu+ ε2v1 + · · ·+ ε
k+1vk /∈
Trop(I) for ε > 0 sufficiently small.
Suppose the algorithm terminates in Step 13 and pick ε′ > 0 sufficiently small such
that D := {w + εu + ε2v1 + · · · + ε
d+1vd | 0 < ε < ε
′} ⊆ Trop(F ). Because any
infinite subset of D has an affine span which intersects H stably and w /∈ Trop(I ′) =
Trop(I) ∩st H by Assumption (WG), every Gro¨bner polyhedron of Trop(I) around
w will have a finite intersection with D. In particular, this implies that w + εu +
ε2v1 + · · ·+ ε
k+1vk /∈ Trop(I) for ε > 0 sufficiently small.
Finally, suppose the algorithm terminates in Step 15. Since Trop(F ) ⊇ Trop(I), we
always have Trop(F )∩stH ⊇ Trop(I)∩stH . For the reverse inclusion, assume there
exists a w ∈ Trop(F )∩st H \Trop(I)∩st H . Let Cŵ(F ) ∈ Trop(F ) be a polyhedron
in the prevariety with w ∈ Cŵ(F )∩H and dim(Cŵ(F ) +H) = n, which necessarily
implies dimCŵ(F ) ≥ d. If dimCŵ(F ) > d, then dimTrop(inw(F )) > d and we would
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have terminated in Step 7. If dimCŵ(F ) = d, then (w, . . .) ∈ ∆ and we would have
terminated in Step 13, as Trop(I ′) = Trop(I) ∩st H by Assumption (WG). 
Algorithm 2.12 (constructing generic affine spaces)
Input: (F, g), where
(1) F ⊆ K[x±1], a finite generating set of an ideal I = 〈F 〉 E K[x±1] with
maximal independent set {x1, . . . , xd},
(2) g ∈ K[x±11 , . . . , x
±1
d+1], a generator of the elimination ideal I∩K[x
±1
1 , . . . , x
±1
d+1].
Output: (b,W ), such that
(1) if b=true, then W is a tropical defect.
(2) if b=false, then W = v ∈ Rn, describing an affine subspace H := v +
Lin(ed+1, . . . , en) satisfying property (SG):
Trop(I) ∩H = Trop(I) ∩st H.
1: Let pi : Rn → Rd+1 denote the projection onto the first d+ 1 coordinates.
2: repeat
3: Pick v ∈ Rd+1 randomly such that L := v+R · ed+1 intersects Trop(g) stably,
i.e. Trop(g) ∩ L = Trop(g) ∩st L.
4: Set F ′ := F ∪ {xi − t
vi | i = 1, . . . , d} and compute Trop(F ′).
// In the following, it suffices to test one rel. interior point per Gro¨bner polyhedron of F ′.
5: if ∃w ∈ Trop(F ′) : dimCw(F ) > d then
6: Let u1, . . . , uk be a basis of Lin(Cw(F )).
7: return (true, (w, u1, . . . , uk)).
8: if ∃w ∈ Trop(F ′), ∃u ∈ Cw(F ) : pi(u) /∈ Trop(g) then
9: return (true, u).
10: until dim pi(Cw(F )) = d for all Cw(F ) ∈ ∆.
11: return (false, (v, 0, . . . , 0) ∈ Rn).
Correctness and expected termination of Algorithm 2.12. If the algorithm terminates
at Step 7, it outputs a tropical defect by the same argument as before for the output
of Algorithm 2.11 at Step 7.
If the algorithm terminates at Step 9, then pi(u) /∈ Trop(g) = pi(Trop(I)), hence
u ∈ Trop(F ) \ Trop(I) is a strong tropical defect.
Now assume that the algorithm terminates at Step 11 and letH := pi−1(L). We show
that Trop(F )∩H = Trop(F )∩stH . In particular, this will imply that Trop(I)∩H =
Trop(I) ∩st H , since Trop(I) ⊂ Trop(F ).
Assume that Cw(F
′) ∈ Trop(F ) ∩ H = Trop(F ′) is a polyhedron not contained in
Trop(F )∩stH . Then Cw(F ) must be of dimension ≤ d, since the algorithm did not
terminate at Step 7. On the other hand, dim pi(Cw(F )) = d by the aborting condition
in Step 10. In particular, if A ⊂ Rn denotes the affine span of Cw(F ), then A is
d-dimensional and pi|A is injective. Since Cw(F
′) = Cw(F ) ∩ H /∈ Trop(F ) ∩st H ,
we must have dim(A + H) < n, so A ∩ H 6= ∅ is of dimension ≥ 1. Because of
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A∩H = A∩ pi−1(L), the injectivity of pi|A implies L ⊆ pi(A). Note that pi(A) is the
affine span of the d-dimensional polyhedron pi(Cw(F )). As the algorithm did not
terminate at Step 9, we have pi(Cw(F )) ⊆ Trop(g), contradicting that L was chosen
in Step 3 to intersect Trop(g) stably.
To show that the algorithm is expected to terminate in the first iteration of the
loop, we identify a dense open subset U ⊆ Rd+1 such that choosing v ∈ U in Step 3
guarantees that the aborting condition in Step 10 will be satisfied, unless a tropical
defect was already detected in Steps 7 or 9. The set
Y :=
⋃
Cw(F )∈Trop(F )
dimpi(Cw(F ))<d
pi(Cw(F )) + R · ed+1 ⊂ R
d+1
is a finite union of polyhedra, so its complement U := Rd+1 \ Y is dense and open.
Assume that v ∈ U , but neither the abort condition in Step 10 is fulfilled nor is a
tropical defect detected in Steps 7 or 9. This means there exists some w ∈ Trop(F ′)
with dim pi(Cw(F )) 6= d, dimCw(F ) ≤ d and pi(Cw(F )) ⊆ Trop(g). Note that
∅ 6= Cw(F ) ∩ H , so the line v + R · ed+1 = L = pi(H) intersects pi(Cw(F )), a
contradiction to v /∈ Y . 
We conclude this section with a technical yet important remark on the practicality
of the genericity assumptions (SG) and (WG).
Remark 2.13 Even though Algorithm 2.12 is guaranteed to return a valid input
for Algorithm 2.9, it is in practice much more reasonable to use Algorithm 2.11
on random input. This is because generic v ∈ Rn for Algorithm 2.9 usually entail
high exponents in the polynomial computations, whereas generic λ ∈ (K∗)n for
Algorithm 2.11 only entail big coefficients, and most computer-algebra software
systems such as Macaulay2 or Singular are better equipped to deal with the
latter. For instance, our Singular trials using Algorithm 2.9 regularly failed due
to exponent overflows, since exponents in Singular are stored in the bounded C++
type long, while coefficients are saved with arbitrary high precision.
3. Application: Universal Cox ring of cubic surfaces
We consider six points p1, . . . , p6 ∈ P
2
C
in general position in the complex projective
plane. Up to change of coordinates, we may assume that
pi = (1 : di : d
3
i ) for some di ∈ C,
where di satisfy certain genericity conditions, see [RSS14, §6]. Blowing up P
2
C
in
these points results in a smooth cubic surface X := Blp1,...,p6 P
2
C
.
The geometry of this surface is captured by its Cox ring
Cox(X) :=
⊕
(a0,...,a6)∈Z7
H0(X,OX(a0E0 + a1E1 + . . .+ a6E6)).
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Here, E1, . . . , E6 ⊂ X denote the exceptional divisors of the blow-up over the points
p1, . . . , p6 ∈ P
2
C
and E0 ⊂ X is the preimage under X → P
2 of a chosen line in P2
C
not containing the points p1, . . . , p6 ; and
H0(X,OX(a0E0 + a1E1 + . . .+ a6E6)) ⊂ K(X)
is the set of rational functions onX only having poles along the curves E0, E1, . . . , E6 ⊂
X of order at most ai along Ei.
The Cox ring is in fact intrinsic to the geometry of X and does not depend on
the choice of E0, E1, . . . , E6 ∈ Div(X) as generators of its Picard group [ADHL15].
It can be understood as a total coordinate ring of the surface X , simultaneously
carrying information about all embeddings of X into projective space by complete
linear systems.
The Cox ring of a cubic surface is a finitely generated integral domain [ADHL15],
with a natural set of 27 generators of Cox(X) which are the rational functions on
X establishing the linear equivalence of each of the 27 lines on the cubic surface X
to a divisor of form
∑
i aiEi ∈ Div(X).
Notation 3.1 For fixed d1, . . . , d6 ∈ C, the Cox ring of the resulting cubic surface
X is generated by
• Ei, for i = 1, . . . , 6, representing the exceptional divisor over the points p1, . . . , p6,
• Fij , for (i, j) = (1, 2), (1, 3), . . . , (5, 6), representing the strict transform of the line
in P2
C
through pi and pj ,
• Gi, for i = 1, . . . , 6, representing the strict transform of the conic in P
2
C
through
{p1, . . . , p6} \ {pi}.
Inside the Laurent polynomial ring, the homogeneous ideal of relations among the
generators is generated by 270 trinomials, which are the following 10 trinomials and
their 260 translates under the W (E6)-group action [RSS16, Proposition 2.2]:
(d3−d4)(d1+d3+d4)E2F12 − (d2−d4)(d1+d2+d4)E3F13 + (d2−d3)(d1+d2+d3)E4F14,
(d3−d5)(d1+d3+d5)E2F12 − (d2−d5)(d1+d2+d5)E3F13 + (d2−d3)(d1+d2+d3)E5F15,
(d3−d6)(d1+d3+d6)E2F12 − (d2−d6)(d1+d2+d6)E3F13 + (d2−d3)(d1+d2+d3)E6F16,
(d4−d5)(d1+d4+d5)E2F12 − (d2−d5)(d1+d2+d5)E4F14 + (d2−d4)(d1+d2+d4)E5F15,
(d4−d6)(d1+d4+d6)E2F12 − (d2−d6)(d1+d2+d6)E4F14 + (d2−d4)(d1+d2+d4)E6F16,
(d5−d6)(d1+d5+d6)E2F12 − (d2−d6)(d1+d2+d6)E5F15 + (d2−d5)(d1+d2+d5)E6F16,
(d4−d5)(d1+d4+d5)E3F13 − (d3−d5)(d1+d3+d5)E4F14 + (d3−d4)(d1+d3+d4)E5F15,
(d4−d6)(d1+d4+d6)E3F13 − (d3−d6)(d1+d3+d6)E4F14 + (d3−d4)(d1+d3+d4)E6F16,
(d5−d6)(d1+d5+d6)E3F13 − (d3−d6)(d1+d3+d6)E5F15 + (d3−d5)(d1+d3+d5)E6F16,
(d5−d6)(d1+d5+d6)E4F14 − (d4−d6)(d1+d4+d6)E5F15 + (d4−d5)(d1+d4+d5)E6F16.
The following theorem answers [RSS16, Conjecture 5.3] negatively:
DETECTING TROPICAL DEFECTS OF POLYNOMIAL EQUATIONS 11
Theorem 3.2 For generic d1, . . . , d6 ∈ C, the 270 trinomials described in Nota-
tion 3.1 are not a tropical basis.
Proof. Consider a generic choice of d1, . . . , d6, i.e., work in the polynomial ring S
′
over C(d1, . . . , d6) with variables Ei, Fij , Gi as ordered in Definition 3.1:
S ′ := C(d1, . . . , d6)[E
±1
i , F
±1
ij , G
±1
i ].
For the weight vector
w := (2, 1, 0, 1, 1, 1, 0, 2, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0) ∈ R{Ei,Fij,Gi},
one can verify that inw(f) is no monomial for any ideal generator f in Notation 3.1,
however inw(ICox(X)) contains the monomial E6F56G6. 
Remark 3.3 The counterexample in the proof of Theorem 3.2 was found with
Algorithm 2.12 as follows: One can determine that ICox(X) is of dimension d = 9
and for the set of variables
U := {F36, F45, F46, F56, G1, G2, G3, G4, G5, G6},
the subset U \{F56} forms a maximal independent set of S/ICox(X). The elimination
ideal ICox(X) ∩ C[U ] is generated by
g :=(d4 − d5)(d1 + d2 + d3)F36G3 − (d3 − d5)(d1 + d2 + d4)F46G4
+ (d3 − d4)(d1 + d2 + d5)F56G5.
We apply Algorithm 2.12 corresponding to the choice of d + 1 variables U . The
vector
v := (1, 0, 0, 0, 0, 0, 0, 0, 0, 0) ∈ Trop(g) ⊆ RU
gives rise to a line L := v+R·eF56 ⊆ R
U with Trop(g)∩L = Trop(g)∩stL = {v}. We
detect a 10-dimensional cone Cw(F ) in the tropical prevariety Trop(F ) intersecting
H = pi−1(L), for w as specified in the proof above. More importantly, we are able
to verify that w is in fact already a strong tropical defect.
4. Application: Realizability of tropical gaussoids
Gaussoids are combinatorial structures introduced by Lneˇnicˇka and Matu´sˇ [LM07]
that encode conditional independence relations among Gaussian random variables.
Reminiscent to the study of matroids, Boege, D’Al`ı, Kahle and Sturmfels [BDKS17]
studied them algebraically, introducing the notions of oriented and valuated gaus-
soids. In this section, we will address their conjecture on whether all valuated
gaussoids over a four-element set are realizable.
Definition 4.1 ([BDKS17, §1]) Fix n ∈ N. Consider the Laurent polynomial ring
Rn := C
[
p±1I | I ⊆ [n]
][
a±1{i,j}|K | i, j ∈ [n] distinct, K ⊆ [n] \ {i, j}
]
,
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in which we abbreviate a{i,j}|K to aij|K, and the ideal Tn generated by the following
2n−2
(
n
2
)
square trinomials and the following 12 · 2n−3
(
n
3
)
edge trinomials:
a2ij|K − pK∪{i} pK∪{j} + pK∪{i,j} pK
for i, j ∈ [n] distinct, K ⊆ [n] \ {i, j},
pL∪{k} aij|L\{i,j} − pL aij|L∪{k}\{i,j} − aki|L\{i} akj|L\{j}
for i, j, k ∈ [n] distinct, L ⊆ [n] \ {k}.
A valuated gaussoid is a point in the tropical prevariety given by the square and
edge trinomials in Definition 4.1. It is called realizable if it lies in the tropical
variety Trop(Tn).
Remark 4.2 The variables of the ring R correspond to the principal and almost-
principal minors of a symmetric n× n-matrix (i.e., determinants of square subma-
trices whose row- and column index sets differ by at most one index). The ideal Tn
corresponds to the polynomial relations among these minors for symmetric matrices
with non-zero principal minors by [BDKS17, Proposition 6.2].
The following theorem answers [BDKS17, Conjecture 8.4] negatively.
Theorem 4.3 There exist non-realizable valuated gaussoids for n = 4, i.e., the
square and edge trinomials in Definition 4.1 are not a tropical basis of T4.
Proof. Consider, under the following ordered set X of the variables of R4, the fol-
lowing weight vector w ∈ RX :
X :={p∅, p1, p12, p123, p1234, p124, p13, p134, p14, p2, p23, p234, p24, p3, p34, p4,
a12, a12|3, a12|34, a12|4, a13, a13|2, a13|24, a13|4, a14, a14|2, a14|23, a14|3,
a23, a23|1, a23|14, a23|4, a24, a24|1, a24|13, a24|3, a34, a34|1, a34|12, a34|2}
w :=(14, 10, 6, 0, 6, 8, 8, 2, 8, 6, 6, 2, 8, 8, 8, 8, 8, 4, 2, 10, 9, 3, 5, 5, 9, 11,
1, 5, 7, 5, 5, 5, 7, 7, 1, 5, 8, 6, 4, 4) ∈ RX .
One can check that w determines a valuated gaussoid, while inw(T4) contains the
monomial a23a23|1. 
Remark 4.4 The counterexample in the proof of Theorem 3.2 was found with
Algorithm 2.12 as follows: We determine that T4 is of dimension d = 11 and for the
set of variables
U := {p1, p12, p123, p1234, p124, p13, p134, p14, p24, p3, p34, p4},
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the subset U \{p134} forms a maximal independent set for T4. The elimination ideal
T4 ∩ C[U ] is generated by
g :=p21p
2
1234 − 2p1p1234p124p13 + p
2
124p
2
13 − 2p1p12p1234p134
+ 4p1p123p124p134 − 2p12p124p13p134 + p
2
12p
2
134 − 2p1p123p1234p14
+ 4p12p1234p13p14 − 2p123p124p13p14 − 2p12p123p134p14 + p
2
123p
2
14.
Picking
v := (10, 6, 0, 6, 8, 8, 2, 8, 8, 8, 8, 8) ∈ Trop(g) ⊆ RU ,
in Step 3 of Algorithm 2.12 gives rise to the line L := v + R · ep134 ⊆ R
U , satisfying
Trop(g) ∩ L = Trop(g) ∩st L = {v}. We detect a 13-dimensional cone Cw(F ) in the
tropical prevariety Trop(F ) intersecting H := pi−1(L), for w as specified in the proof
above, so we can read off a tropical defect. In fact, computing inw(T4) reveals that
w is already a strong tropical defect with a23a23|1 ∈ inw(T4).
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